236861 Numerical Geometry of Images

Tutorial 5

Differential Geometry Il
Surfaces

Anastasia Dubrovina

©2009

Anastasia Dubrovina CS 236861 - Tutorial 5 - Differential Geometry | - Surfaces



Parameterized surfaces

A parameterized surface X : U C R?> — R3 a differentiable map !
X from an open set U € R? to R3.

Explicitly, X(U) is written as
X(u,v) = (x(u,v),y(u,v),z(u,v)).

X(U) € R3 is called the trace of X.

1X(u,v) is called differentiable if x(u,v), y(u,v) and z(u, v) are
differentiable functions w.r.t. the parameters u, v.
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Parameterizations of a sphere - examples 2
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Figure: (a) Sphere in R®. (b) Six overlapping parameterization of a kind

X(x,y) = (x,y7 V1—x2— y2). (c) X(8, ¢) = (sin 6 cos ¢, sin Osin ¢, cos ).

2Differential geometry of curves and surfaces, by Manfredo P. do Carmo
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Differential of X

Let X : U C R" — R™ be a differential map. For each p € U we
will define the differential of X at p by

dXp,: UCR" — R™

Let w € R"” and let a : (—¢,€) — U be a differential curve such
that «(0) = p, &/(0) = w.

An image of o in R™ s given by
G =Xoa(—ee) —RM

Then:

dXp(w) = 3'(0)
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Differential of X: illustration

Y.
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Calculation of the differential in R3

Let X : U C R? — RR3 be a differential map.

a(t) = (u(t), v(1))

B(t) = X o a(t) = (x (u(t), v(1)), y (u(t), v(t)), z (u(t), v(t)))

Ox  Ox
Qu Qv du

#(0) = ( L ) (%)=t
du  Ov

Note: dX,(w) depends only on w, and not on the choice of «(t).
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Exercise: dF, calculation

Calculate dF, for F(u,v) = (u? — v?,2uv), (u,v) € R2.

Solution:

x = u?—v?, y =2uv

B [ 2x =2y
w8 )=(5 )
1
dF(171)(2,3) = dF, ( 1 ) = (—2,10)

SN
NS
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Regular parameterization, Tangent space, Normal

We will say that a differential parameterization X(U) is regular if
Xu(u,v) and X, (u, v) are linearly independent for all (u,v) € U.

Tangent plane (space) at p: a plane T, containing all the tangents
to curves passing through the point p € S. The tangent plane is
spanned by the vectors X, (u, v), X, (u, v).

Surface normal: a unit vector orthogonal to the tangent plane at

the point p, defined by

Xu X Xy
N(p) = 4272V
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Surfaces in R3 - examples
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Exercise: tangent space, normal

Calculate the equation of the tangent plane of a surface which is a
graph of a differentiable function z = f(x, y), at the point (xp, yo)-

Solution:
X(x,y) = (X v, f(x,¥))

X(x,y) = (1,0, i(x, ¥))

X}’(Xay) (Oa]-a y(va))
Xy X X, (—f,—f,,1)

Xy x Xl /fxz-l-fy2+1

Equation of a plane passing through (xo, yo) and perpendicular to
N(XO,)/O) is:

fe(x0, ¥0)(x — x0) + £, (x0, Y0) (¥ — y0) — (2 — f(x0,%0)) = 0
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The first fundamental form

In order to measure local distances on the regular surface S, we
assign an inner product on the tangent plane T, of S at every

point p.
The first fundamental form: a quadratic form
lp - Tp(S) x Tp(S) — R, given by

/p(Wl, W2) = <W17 W2>p .

<, >p is a standard inner product of R3; p stands for the tangent
plane T, of the surface S at the point p.

The form I,(wi, wo) is bilinear, symmetric and positive-definite.
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The first fundamental form in terms of X, X,

Let a1(t) = X (u1(t), vi(t)) and aa(t) = X (u2(t), vo(t)) be two
differential curves such that

a1(0) = a2(0) = p, a4(0) = wy, a5(0) = we.

The first fundamental form is given by:

Ip(wi, wo) = (a(0), a5(0)) = (Xuu] + Xyvi, Xuth + Xy v3)

(4) (e ey (4)
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The first fundamental form - alternative notation

(Fo)=(aa)=(5 X))

In coordinate notation:
2 2 . _
Io(wi, wo) =) 0 gijiy i) = gij i )
i=1 j=1

where we use the Einstein summation convention, according to
which identical sub- and super-scripts are summed up;

~ / /

Wi = (), vi), k =1,2.
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Exercise: calculation of /,

Calculate the first fundamental form of a unit sphere
parameterized by

X(0,¢) = (sin 0 cos ¢, sin O sin ¢, cos 0)

Solution:
Xy = (cos 6 cos ¢, cos @ sin ¢, —sin 0)

Xs = (sinf —sin ¢, sin f cos ¢, 0)
E = (Xp, Xg) = cos? 0 cos® ¢ + cos? fsin® ¢ +sin 0 = 1
F = (Xp, X3) = — cosf cos ¢ sinfsin ¢ + cos @ sin psinf cosp =0
G = (Xy, Xy) = sin?fsin? ¢ + sin? 0 cos® ¢ = sin §

Anastasia Dubrovina CS 236861 - Tutorial 5 - Differential Geometry | - Surfaces



Length calculation

The length of a parameterized curve 5 : [0, T] — S is given by

)= [ 1@ = [\ oa

Given that a(t) = (u(t), v(t)), B(t) = X o a(t),

s(t) = /t VEW)? +2Fuv! + G(v')2dE
0

Also, local element of the arclength is given by

ds® = Edu® + 2Fdudv + Gdv?
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Area calculation

Area of a bounded region R of a regular surface S = X(U) is given
by
A(R) = // X, x X, || dudv, Q= X"YR)

From the equality
IXa % X0l2 + (X, Xo)? = [ Xl |1 X0 ]2

it follows that

| Xy x Xo|| = VEG — F?

Note that EG — F2 > 0, by definition (prove).
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Exercise: arclength and area measured on a sphere

Calculate ds? and dA = || X, x X, || dfd¢ of a unit sphere
parameterized by

X(0, ¢) = (sin 6 cos ¢, sin O sin ¢, cos H)

Solution: the first fundamental form of a sphere is given by
E F\ (1 0
F G ) \ 0 sin?60

ds?® = Ed6? + 2Fddp + Gdp? = db? + sin® 0d¢?

dA =V EG — F2d0d¢ = sin® 0d0d¢

Therefore:
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Orientation of surfaces

We saw that a surface normal at point p € S is defined by

Xy X Xy
N(p) = 427V

We will say that a regular surface S is orientable if and only if there
exist a differentiable field of unit normal vectors N : S — R3 on S.

Orientable surfaces: sphere, paper roll.
Non-orientable surface: Mobius strip.
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